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^ ■ Abstract. Let T be the quasi-nilpotent DT-operator. By use of 

Voiculescu's amalgamated i?-transform we compute the momets 

Qs ■ of (T — A1)*(T — Al) where A € C, and the Brown-measure of 

T + ^/eY , where F is a circular element *-free from T for e > 0. 

^ Moreover we give a new proof of Sniady's formula for the moments 

<s ; T{{{T*fT''Y)iork,nen. 
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1. Introduction 
The quasi-nilpotent DT-operator T was introduced by Dykema and 



the second author in |DH1| . It can be described as the limit in *- 
moments for n ^ oo, of random matrices of the form 



> 

O 

JI^ : /o h,2 ■ ■ ■ h,n \ 



■•• ■•• ; 

''71— l,n 

Vo ■■■ / 



where {3fJ(tij), Q'(tij)}i<i<j<„ is a set of n(n — 1) independent identically 
distributed Gaussian random variables with mean and variance ^. 
More precisely, T is an element in a finite von Neumann algebra, M, 
with a faithful normal tracial state, r, such that for all si, S2, . . . , s^ G 

><: {1,*}, 

■-^' (1.1) r{T'^T'^---T'^)= lim E[tr„((T("))^i(T("))^2---(T('^))^'=)], 

n— >oo 

where tr„ is the normalized trace on M„(C). Moreover the pair 
(T, W*{T)) is uniquely determined up to *-isomorphism by (ll.ip . The 
quasi-nilpotent DT-operator can be realized as an element in the free 
group factor, -^(F2), in the following way (cf. jDHll Sect. 4]): Let 
{Dq, X) be a pair of free selfadjoint elements in a tracial ly* -probability 
space {M,t)^ such that d/iDo(t) = l[o,i](^)'i^ ^i^d X is semi-circular 
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distributed, i.e. d^x(t) = ^V4 - t2l[_2,2](t)dt. Then W*{Do,X) ^ 
W*{Do) ^ W*iX) ^ L(F2). Put 

2iV 

for A^ = 1, 2, . . ., where 

PN,j = l[i^,_^]Po), qN,j = l[^,i](^o), 

for j = 1,2,..., 2^ . Then (T/v)|^^^ converges in norm to an operator 
T G iy*(Z)o,-^), and the *-moments of T are given by (II. IL i.e. T 
is a realization of the quasi-nilpotent DT-operator. In the notation 
of |7mTl Sect. 4], T = UT(X,A), where A : L°°[0,1] ^ W^*po) is 
the *-isomorphism given by A(/) = /(-Do) for / G L°°([0, 1]). In the 
following we put D = W*{Do) ^ L°°([0, 1]) and let E-d denote the 
trace-preserving conditional expectation of W*{Dq,X) onto T). 

In this paper we apply Voiculescu's CR-transform with amalgamation 
to compute various ^-moments of T and of operators closely related 
to T. First we compute in section 3 moments and the scalar valued 
3l-transform of (T — XI)* {T — Al) for A G C The specialized case of 



A = was treated in |DH1| by more complicated methods. In section 
4 we consider the operator 

T + VeY, 

where F is a circular operator *-free from T and e > 0. By random 
matrix considerations it is easily seen, that if Ti and T2 are two quasi- 
nilpotent DT-operators, which are *-free with respect to amalgamation 
over the same diagonal, D, then T + y/eY has the same ^-distribution 
as 5" = a/cTi + V6T2, when a = 1 + e and b = e (cf. |Aal| ). We 
use this fact to prove, that the Brown measure of T + s/eY is equal to 
the uniform distribution on the closed disc -8(0, log(l + 7)^2 ) in the 
complex plane. Moreover we show, that the spectrum of T + ^/eY is 
equal to this disc, and that T + ^/eY is not a DT-operator for any 
e>0. 

In [DHl] it was conjectured, that 

,1.2) r(((r-)'=T')") = ^^ 

for n. A; G N. This formula was proved by Sniady in |Sn2| . Sniady's 
proof of ()1.2p is based on Speicher's combinatorial approach to free 
probability with amalgamation from |Spl| . The key step in the proof 
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of (I1.2J1 was to establish a recursion formula for the D-valued moments, 

(1.3) E^ (^((^*)fc^fc)n^ 

for each fixed A; G N. Sniady's recursion formula for the D-valued 
moments ()1.3|1 . was later used by Dykema and the second author to 
prove, that 

W*{T) = W*{Do,X) ~ L(F2) 
and that T admits a one parameter family of non-trivial hyperinvariant 



subspaces (cf. [DH2J). In section 5 and section 6 of this paper we give 
a new proof of Sniady's recursion formula for the D-valued moments 
()1.3p . which at the same time gives a new proof of ()1.2p . The new proof 
is based on Voiculescu's 3^-transform with respect to amalgamation over 
M2fc(1'), the algebra of 2k x 2k matrices over D. 

2. Preliminaries 

In this section we give a few preliminaries on amalgamated probabil- 
ity theory. Let yi be a unital Banach algebra, and let S be a Banach- 
sub-algebra containing the unit of ^. Then a map, E'b : .A — i> B, is a 
conditional expectation if 

(a) E-s is linear, 

(b) E'B preserves the unit i.e. E'b{1) = 1 

(c) and E-B has the B, B bi-module property i.e. E'z{hiab2) = hiab2 
for all hi, 1)2 G B and a E A. 

If B, A and i^s are as above we say that (B C yi, i?^) is a B- 
probability space. If : yi — > C is a state on A which respects ii^s, 
i.e. r = r o E-b, we say that (B C A, E^b) is compatible to the (non- 
amalgamated) free probability space (^1,0). 

If (B C A, E-b) is a B-probability space and a G /l is a fixed variable, 
we define the amalgamated Cauchy transform of a by 

Gaib) = EB{ib-a)-'). 

for 6 G B and h — a E Bjnv. The Cauchy transform is 1-1 in 
{h G Binvl ||fo^^|| < e} for e sufficiently small and Voiculescu's amalga- 
mated [R-transform jVoij is now defined for a G /l by 

(2.1) :k^{h) = G^-'\h)-h-\ 

for h being an invertible element of B suitably close to zero. It turns 
out that this definition coincides on invertible element with Speicher's 
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definition of the amalgamated D^-transform (cf. |Spl[ Th. 4.1.2] and 

oo 

(2.2) a^„(6) = ^fi;^(a®s&a®3•■■®a3H• 
We will need the following useful lemma for solving equations involv- 
ing the amalgamated i?-transform and Cauchy-transform. 

Lemma 2.1. Let (B C A, E^b) be a 'B-probability space, and let a E A. 
Then there exists 6 > such that ifbE'Bis invertible, \\b\\ < 6, |/i| > | 
and 

Jlfib) + b-' = /iU 
then b = G^(;ulyi). 

Proof. Let S = ^yJ^ and define c/fe(6) = G^l^^). By f^^ Prop. 2.3] 
we know that ga maps S(0, j^) bijectively onto a neighboorhood of 
zero containing S(0, yti^It) ^i^d furthermore that 

9i''^ (S(0' TTR)inv) ^ S(0, 4^)i„.. 
By definition we know that 

^^ib) = Gf-'\b) + b-'={gi-'\b))-' + b-^ 
so if ^a{b) + b^^ = yulyi then 

fj.U = g^-'\b)-b-' + b-'={gi-'\b)y' 
and thus 

(2.3) 9i-'\b) = ^^U. 

If |/i| > I then especially -pr < j^^ so -1a is in the bijective domain 
of ga, so applying ga on both sides of p.3|) we get exactly 

G^ifilA) = ^a(^U) = b 

since also ||6|| < jjw^\- □ 

If a G yi is a random variable in the ^-probability space (B C A, -Es), 
then following Speicher we define a to be B-Gaussian |Spll Def 4.2.3] 
if only B-cumulants of length 2 survive. From p.2|) it follows that in 
this case the 3^-transform has a particularly simple form, namely, 

(2.4) yia{b) = nfia ®s ba) = E'siaba). 

In the following theorem (which is probably not a new one we just 
could not find a proper reference) concerning cumulants we have adopted 
the notation of Speicher from |Spl| . 
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Lemma 2.2. Let N eN and let (S C A, -E^) be a "B -probability space. 
Then (M7v(23) C M]\f{A),EM„CB)) is a Mn{'B) -probability space with 
cumulants determined by the following formula: 



K^''^'^\{mi (g) ai) ®Mjv(a3) ■ ■ ■ ®Mjv(S) ("^n ® an)) 

= {nil ■ ■ ■ TTin) ® K^f (ai (gs • ■ ■ ®S On) 

w;/ien mi, . . . , m^ G M7v(C) and ai, . . . , a„ G ^. 

We have of course made the identification M]:^{A) = Mj^iC) ® A. 
Proof. Since Mn{C) C Mn^B) we observe that 

K^'^^^^((mi (g) ai) (8Afjv{B) • ■ ■ ®Mjv(25) ("^n O On)) 

= ((mi---m„) (g) !)• 
To finish the proof we claim that 

(2.5) K^'^'^^^il ® ai) ®Mjv(a3) ■ • • ®M^.(23) (1 ® ««)) = 

1 (g)fi;^(ai 02 ■ ■ ■ ®3 an). 
The case n = 1 is obvious since 

In ® «:f (ai) = Ijv ® ^s(ai) = ^A/iv(S)(l ® ^i) = 4^''^^\l ® ai). 

Now assume that the claim is true for 1, 2, . . . , n— 1. Then ()2.5|) has an 
obvious extension to noncrossing partions of length less than or equal 
to n — 1. Hence 

Iat (g K^(ai (gs • ■ ■ ®B an) 

= Itv (gE3(ai ■■ -an) - ^ 1 (g K^(ai (gs ■ ■ ■ (gs On) 

7reAfC(n),7r7^1„ 
= -£^A/Ar(3)(l ®Afiv(S) fll ■ ■ • On) 

7reiVC(n),7r^l„ 

= Kf^(^n(l ® ai) ®Af^(a3) ■ ■ ■ ®Af^.(S) (1 ® an))- 

By induction this proves the lemma. D 
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Assume that M contains a pair {Dq, X) of r-free selfadjoint elements 
such that d/iDo(t) = l[o,i](t)'^t ^^'^ X is a semicircular distributed. Put 
T> = W*{Do). Then A :' L°°([0, 1]) ^ 2? given by 

A(/) = /(Do), 
for / G L°°{[0, 1]) is a ^-isomorphism of -L°°([0, 1]) onto 2) and 

roX{f)= f /(t)dt, fGL-([0,l]). 

We will identify T) with L°°{[0, 1]) and thus consider elements of D as 
functions. As explained in the introduction, we can realize the quasi- 
nilpotent DT-operator as the operator T = ^^(X, A) in W*{Dq,X) ^ 

L(F2). 

Define for /G 2? ~ L°°([0, 1]) 

(2.6) {L*{mx):= r f{t)dt and (L(/))(x) := / f{t)dt. 

Jo Jx 

From the appendix of |DH2| it follows that (T, T*) is a D-Gaussian pair 
and that the covariances of (T,T*) are given by the following lemma 

Lemma 2.3. [nH2l Appendix] Let f el). Then 

E^{TfT*)=L{f) and E^{T* fT) = L*{f) 
and E^iTfT) = E^{T* fT*) = 0. 

3. Moments and 31-transform of (T - A1)*(T - Al) 
Let T be the quasi-diagonal DT-operator and define 

'0 T*' 



T - , 

\T 

Since (T,T*) is a D-Gaussian pair, it follows from lemma l2?2l that 
cumulants of the form 

K^^^'^\{mi O ai) (g)M2(D) ■ ■ ■ ®Af2(B) (iTT-n ® ^n)) 

vanishes when n 7^ 2, mi,m2,...,m„ G M2(C) and ai,a2,...,an G 
jji 2^*1 Hence by the linearity of Kn , 

when n ^ 2, i.e. T is a M2(D)-Gaussian element in M2(M) under the 
conditional expectation Em2{t>) '■ M2(M) — > M2(!D) given by 

/an ai2\ fEi,{an) Ei){ai2) 
^^^^(^) • U21 a22 i ^ UD(a2i) i5;B(a22) 
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Since T is M2(2))-Gaussian the D^-transform of T is by (I2.4J1 the linear 
mapping M2{T)) -^ M2(!D) given by 



% 



A/2(B) 



'^M2{V){TzT) 

T 



{z) = E 

= Em2{1)) 

= Em2(t>) 

'Et){T*Z22T) 





Z21 Z22) \T 

T*Z22T 

TziiT' 



E^iTzuT*] 



L*{Z22) 







Hzn] 



For A G 



Since 



C, we put Tx —Txl and define 
Al^ 



Al 
Al 



Tx 
G M2{'D) we have by M2(2))-freeness that the ^- 



^Al 
transform is additive |Spl[ Th. 4.1.22] i.e. 

^n (^)-^f - Al 



L*(^22) -Al 
-Al L(^n; 



One easily checks, that if 5 G C, 5 7^ 0, 5 7^ 
of the two solutions to 



1 

W 



and yU G C is one 



/^ 



0" 



;i + iA|v), 



then 



(3.1) 



is a solution to 



^11 

2:21 
^22 



-A(T 
-A(7 

/icre" 



o-(x-l) 



D^f("'Vz) + z-i 



/il2. 



Here x is the variable for the function in D = L°°([0, 1]). In particular 
2:12 and 2:21 are constant operators. If a ^ then |/i| -^ cxo and 
ll-zll -^ 0, so by lemma im there exists p > such that |cr| < p implies 






(/il2 



2^11 2:12 
2^21 ^22 
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where (%)i,je{i,2} is given by (jSIH) and 



/i = ± 



a 



(1 



"■o . 



On the other hand the Cauchy-transform of T in jul2 is 



2^11 2;i2 
2^21 2:22 



G: 



Ma CD) 



(/il2 



E 



M2{T>) 



fil 
fil 



tj: 

Ta 



E 



Mii-D) 



-Ta /il 






E 



M2{V) 






A 



Thus 



(3.2) 



fzn=fiE^{{fi^l~T*Tx] 
zi2 = E-i,{T*{fiH - TxT 
Z21 = E^{Tx{fi^l - T*Tx 



-1^ 



*\-l^ 



\-i^ 



^a)-^: 



[z22=fiE^{{fi^l-TxT^ 
Combining (|3.ip and ()3.2|) we have 

(Er^{{f,'l-T*Tx)-')=ae'^^^-'^ 



(3.3) 



Ea,(ri:(/i2i-rAri:)-i) 

E^{Tx{fi^l-T*Tx)-') 



1)-'] 



ae 



-Xa 

-crx 



[E^iif^H - TxT* 

We can now compute the CR-transform of T^Ta (wrt. C) from ()3.3jl and 
the defining equality for /x^. 



tr 



Thus 



I.e. 



a 



-(i + |A|V)i-t;ta 



-r 



ae^^^-^Mx 



ai'X^l)!^ 



[e-(--i)] 



G^,^ (-(1 + |A|V 



a 



rnC 



nn' 



-(1 + |A|V) 
a 
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for 0" in a neighboorhood of zero. Substituting z = 1 — e^'^ we get 
a = — log(l — z), so 



Hence we have proved the foUowing extension of |DHH Theorem 8.7(b)]: 

Theorem 3.1. Let T be the quasinilpotent DT-operator. Let A G C 
and put T\ = T — XI. Then 

1 1 UP 



[Knp*rp^{Z) 



[1 — z) \og{l — z) Z \ — Z 
for z in some neighborhood of 0. 

We next determine the D-valued (resp. C-valued) mom ents of T^Tx 
for all A G C. The special case A = was treated in |Sn2| Theorem 5] 
(resp. |DH1I Theorem 8.7(a)]) by different methods. 

Theorem 3.2. Let A G C and let T,T\ he as in thenrem. \'i.l\ 

(a) Let Qn he the sequence of polynomials on M uniquely determined 
hy the following recursion formula 

(3 4) /^o(^) = l' 

^'' \Qn+i{x) = \\\'Qn{x+l) + j^Qn{y+l)dy forn>l. 

Then 

Ev{{TlTxr){x) = Qn{x), xG[0,l], nen. 
(b) 

r((T;T.)") = X:(^(;:)|Ar-- nen. 

Proof. By (|3.3|) . we have 

(3.5) E^ii^iil + |A|V)1 - T:T,)-') = ae'^(^-i) 

for a G -6(0, p) \ {0} for some p > 0. Put 

Since ^{0) = and ^"'(0) = 1, V' has an analytic invers ijj^~^'^ defined 
in a neighborhood B{0,6) of 0, and we can choose 6 > 0, such that 
ij^-^\B{0,6)) cB{0,p). By (Hi 

E^iiH - nr,)-') = ^<-i)(t)e'^^-^^w(^-^) 
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for t G -6(0, 6) \ {0}. By power series expansion of the left hand side, 

we get 

oo 

(3.6) ^^^^^^((T^Ta)") = ^<-i>(t)e^^"'^(*)("-^) 

n=0 

for t e 5(0, 6'), where < 6' < 5 and where the LHS of ^B) is abso- 
lutely convergent in the Banach space L°°([0,1]). Hence by Cauchy's 
integral formulas 

(3.7) E^{iT*,T,r) = ^J^ ^^-^^2 dt 

as a Banach space integral in L°°([0, 1]), where C = dB{0,r) with 
positive orientation and < r < 6'. For each fixed a; G M 

is an analytic function in B{0,6') which is for t = 0. Hence the 
function has a power series expansion of the form 



(3.8) 7/'<-^>(t)e'^*"'^W("-^) = J2 Qn{x)f' 



for t G B{0,6'), where the numbers (<5n(x))^Q are given by 

1 r 7/;(-i)me'/'^"'Ht){^-i) 

(3.9) <2„(.) = _|^^LJ2i_ dt. 

In particular the QnS are continuous functions of x G M. Substituting 

a = ip{t) in ()3.8|) we get 



X^gn(x)^(a)"+i = ae'^(^-i) 



for a G 5(0, p'), where p' G (0,p). Put 

' Ro{x) = 
Rn+i{x) = \X\'^Qnix + 1) + /o" Q„(x)dy, n>0. 
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Then 

oo / oo 

n=0 \ n=0 / 

(/ oo \ ^x / oo , , 

l + |An$^gn(x+l) +/ $^Qn(2/+l) dy 

Vn+0 / -^0 \n+0 ' 

= ^(a) ( 1 + |A| Ve"^ + f ae'My J 

oo 



1+1 

ra=0 



for all a G 5(0, p'). Since V'(-B(0,p')) is an open neighborhood of in 
C, it follows that -R„(x) = Qn{x) for all n G N and all x G M. 

Hence ((5n(a^))^o i^ the sequence of polynomials given by the recur- 
sive formula (|SI1|). Moreover by dSHI) and ((H3I), ^^((T^rA)") = Q„ as 
functions in L°°([0, 1]). This proves (a). 

(b) By (PTTJI . we have 

riinT.r) = j^ E^{{T:T,r)dx = —j^ — ^^ — dt. 

Note that C = ipiC) is a positively oriented simple path around 0. 
Hence by the substitution t = ^(a), we get 



27ri Jc'n + 1 ^(or)"+i da 
1 f 1 



27ri(n + 1) Jc V^(cr)"+i 
1 / 1 /■ e^'^fl + |A|V)"+^ 



e~"da 

n+l 

da 



n+l \2mJc' cr"+i 

1 /e"'^(l + |A|V)"+i 
= -Res — , 

n + l \ cr"+i 

where the second equation is obtained by partial integration and the 
last equality is obtained by the Residue theorem. 
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The above Residue is equal to the coefficient of a" in the Power series 
expansion of 

Hence 




fc=0 ^ ^ 

1 " 



n p. 



D 

4. Spectrum and Brown-measure of T + ^/eY 

Let T be the quasinilpotent DT-operator and let F be a circular 
operator *-free from T. In this section we will show, that 

a{T + v^F) = b(o, ^ -) 

V ' ^log(l + 6-i)>' 

and that the Brown-measure jj,t+^y is equal to the uniform distri- 



bution on i? 0, , , : , i.e. it has constant density w.r.t. the 

Lebesque measure on this disk. 
Theorem 4.1. For every e > 

(4.1) (t(t + yir) = 5(^0, 



Vlog(l + ^-'] 



Proof. The result can be obtained by the method of Biane and Lehner 
|BL1 Section 5]. Let a G C \ {0}. Since o"(T) = {0} we can write 



ai 



1 - (T + v^)F = v^(4l - Y{al - T)-') (al - T). 



Hence 

(4.2) a^(T(r + v^F) iff^ ^a(r(al-r)-i). 

Let Y = UH be the polar decomposition of F. Then Y{al —T)~^ = 
UH{al-T)-\ where U is *-free from H{al-T)~\ Hence Y{al-T)-^ 
is i?-diagonal. Moreover, since ^ o"(l^), y(al— T)^^ is not invertible, 
so by 1^ Prop. 4.6. (ii)] 

(4.3) a{Y{al - T)-^) = B{0, \\Y{al - T)~^\^). 
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By *-freeness of Y and (al — T)^^ we have 
(4.4) \\Y{al-TrX = \\Y\\l\\{al-T)-X 



13 



(al - T) 



-11 



E 

n=0 



n^n 



^n+l 



Applying now |DH1[ lemma 7.2] to D = 1 and A = ^ and // = 5o, we 



get 



°" rpn 

E- 

n=0 



\a\ exp 



-1 



Hence by ()I^ 



|F(al-T)-i||' = exp(^)-l. 



Thus for a e C \ {0} we get by ^^ and ^^ 
a^cy{T + v^F) ^ ^ ^ a{Y{al - T)-^) 



1 



^ ^ > exp -—r -l^\a\> 



Hence a{T + v^F) U {0} = 5 (0, , ^ , ) . Since aiT + JlY) is 



closed it follows that oij + ^tY) = 5 0, 



Vmi+I)/' 



n 



In order to compute the Brown measure of T+ ^^F, we first observe 
that T + i/eF has the same *-distribution as 

s = v^Ti + VIt; 

when Ti and T2 are two !D-free quasidiagonal operators and a = 1 + e 
and b = e |Aal| . We next compute the Brown measure of S for all 
values of a, 6 e (0, cxd). 

Lemma 4.2. Let jjlq he the Brown measure of an operator Q in a tracial 
W* -probability space {M^ix). Letr > and assume that fiQ{dB{0,r)) = 
0. Then 

/iQ(i?(0, r)) = -^ hm 53 (" /■ tr((Q*Q, + al)-'qi)d\ 

2tt a^0+ \JaBiQ,r) 

where Qx = Q — XI for A G C 
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Proof. Let A : M —>■ [0, cxd) be the Fuglede-Kadison determinant on 
M, and put L(A) = logA(QA) and 

L„(A) = log A((g*gA + aiy/') = ^tvihgiQlQx + «1)) 

for A G C. 

Put Ai = 'Six, A2 = Q'A and let V^ = -^ + -^ denote the Laplace 

operator on C. Then by |Lal Section 2] V^L^ > and for each a > 0, 
the measure 

(4.5) /i„ = ^V2L„(A)dAidA2 
is a probability measure on C Moreover 

(4.6) lim fia = f^ 

a—*0 

in the weak* topology on Prob(C). Also from |Lal Section 2] the gra- 
dient i^,^) oiLais given by 

(4.7) ^^-(^) = -^tT{Q,iQlQ, + al)-') 

(4.8) -^LM = -^{tr{Qx{QlQx + al)-') 



By (P31l 



lim / (fxijia = / 0d/i 



for all G Co(C). Since lB{o,r) is the limit of an increasing sequence 
{(t>n)n=i of Co(C)-functions with < 0„ < 1 for all n G N it follows 
that 

/iQ(5(0,r))= lim / 0nd/iQ 

= lim I lim / 0„dyUQ, ) < lim I liminf / lB(or)d/iQ, ) 

= liminf /iQ, (5(0, r)) 

Writing ^B(o,r) ^^ the limit of a decreasing sequence {ilJn)'^=i of Co(C)- 
functions, with < T/^n < 1, one gets in the same way 

fiQ{B{0,r)) > limsup/Xa(5(0,r)) 

Hence if ^Q{dB{0, r)) = we have 

lim sup /i„ (5(0, r)) < /iQ(5(0, r)) < liminf /i,(5(0,r)). 
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and therefore 

/iQ(E(0,r)) = limu„(i?(0,r)). 

a— >0 

Using ()4.5|) together with Green's theorem apphed to the vector-field 

(P.,Qa) = (-|^,if)weget 



l2^{B{0,r)) = ^ [ V'L,(A)dAidA2 

^^ JB(O.r) 



'B{0,r) 

If fdQ^ dP, 



27r iB(0,r) V ^-^1 ^-^2 

1 



dAidA2 



27r 



PadAi + g„dA2 

dB{0,r) 



If dL^ OL^ 

^^ JdB{0,r) 0'^2 OAi 

3 (^ / C^- i'^) (dA, + idA.: 

\2^ JdBiO,r)\d\l d\2j 



By (jlH) and (PTSll 
9Lq . dLa 



dx, ' SA^ ^ -tr(QA(gigA + «i)-i) = -tr((gigA + aiy^Qi). 

Hence 

Ai«(i?(0, r)) = -q(^ f triiQlQ, + al)-'Ql)d\) 

which completes the proof of the lemma. D 

Let S = ^JaTi + v^Tg with < 6 < a. Since cS and S have the 
same *-distribution for all c G T, the Brown measure ^s of 5' is rotation 
invariant (i.e. invariant under the transformation z i— > cz, z G C when 
\c\ = 1). Hence by lemma H^ we can compute /i^, if we can determine 



tviiSlSx + aiy^S 



'^D 



for all A G C, where Sx = S — \1, and for all a in some interval of the 
form (0, ao). This can be done by minor modifications of the methods 
used in section 01 
Put 

^' ~ [Sx 

Then there exists a 6 > (depending on a, b and 7) such that when 
||2;|| < 6 and |/i| > -j the equality 

(4.9) Jlf^'^^\z) + z-' = fih 
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implies that 

(4.10) z = G^'^^^\fil2) 

/q 5'*\ 
Moreover, 5 = I ^ „ j is M2(D)-Gaussian by lemmalOlsince (Ti,T2*,T2,T2*) 

is a D-Gaussian set. Hence for z = {zij)'^^^-^ G M2(I'), 

Using that (Ti,T^) and (T2, Tg*) have the same D-distribution as (T, T*) 
and that (Ti,T*) and (T2,T2*) are two D-free sets, we get 

E^{S*Z22S) = {aL* +hL){z22) 
E^iSzuS*) = {aL + bL*){zn), 

where L{f) : x ^ J^ f{y)dy and L*{f) : x ^ J^ f{y)<iy for f eV. 
Since 5a = 5 — I , n ) ^^ follows that 

M2m..^f{aL + bL*){z22) -Al \ 

3 ^^^ ^ Al (aL* + 6L)(znV' 

Thus (|4.inp becomes 
Vl 



("■") .0 ^1 



(aL + bL*)z22 -Al "^ 1 /^ 2:22 --212 



Al {aL* + bL){zn)J det(2) V~^2i 2:11 

In analogy with section El we look for solutions Zij E 1) = L°°[0, 1] 
of the form 

^ ' ' [Z21 Z22) \ C21 C22exp(-OrX^ 
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where a E C and c = I ) G GL(2, C). It is easy to check that 

\C21 C22J 

()4.12|) is a solution to ()4.1ip if the following 5 conditions are fulfilled: 

a 



det(c) 








a — 6 


Cll 


= 


(TyU 


ae'^ - 6 






(tA 


C12 




a — 6 
aA 


C21 


^ 


a — b 


C22 


^ 


ail 



a - be-" 

The first of these conditions is consistent with the remaining 4 if and 
only if 

{aiif g^lAp _ a 

{ae" - b){a ~ be-") {a - b^ a-b 
which is equivalent to 

2 {ae" -b){a-be-"){a-b + a\X\'^) 



(4.13) /i 

(T(a - 6)" 

Put 



f^o:=-min|^^,log(^)| 



Then for ctq < cr < 0, the right hand side of ()4.13jl is negative. Let 
in this case /i(cr) denote the solution to ()4.13p with positive imaginary 
part, i.e. 



ae"/^-be-"/^ 



for ctq < o" < 0. Then with 

afi{a) aX 



Cll = — r C12 , 

ae'^ — a — 

crA aji{a) 

C21 = r '^22 ~ 



a — b a — be " 



the matrix z(a) = ( ^^ ^^ ] given by (14.121) is a solution to 

^ ' \Z2l Z22J ^ -^ ^ ^ 



ai^^("')(^(a)) + ^(a)-i = /il2. 
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By ()4.14|] linv_,o- |yu(o")| = cxd and limg-^o- WK^)\ = ^^'^ therefore 
lim^^o- lk(o-)|| = 0. 

Hence for some (Xi G {(Tq, 0) we have |/i(a")| > -^ and ||-2(o")|| > S when 
a G (cri,0) where 5 > is the number described in connection with 
(HH). Thus 



(4.15) zia) = Gf'^\fiia)h) 



for a G (o"i,0). But since both a ^-> 2;(cr) and a i-^ /i(cr) are analytic 
functions (of the real variable a) it follows that ()4.15p holds for all 
a G (cro,0). Note that a \-^ — i/i(cr) is a continuous strictly positive 
function on (o"o,0), and 

lim (— i/i(cr)) = +cx) lim (— i/i(o")) = 0. 

Hence for every fixed real number a > we can chose a G {cq, 0), such 
that 

— i/i(o") = ^/a. 
Thus by XUJ^ and (^T^ 



Ea,(^*(-al-SA^*)-^) = ^(a)i2 



a — 6 
which is a constant function in L°°[0, 1]. Hence 



tv{SliSxSl + al 



1-1^ 



a — b 
from which 



f tr(^*(^A^I + al)~^)dA = 27ri- 

JdB{0,r) a — 

when ao < CT < 0, where as before ctq = — min < ^,log(|) k 
Now q; — i> 0+ corresponds to a — i> aj". Hence 

hm f-^53 / tr(5I(5,5: + air')dx) 



'dB{0,r) 

+ mm 



= + mm < 1, r ^^ 

a — b a — b 
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Obeserve that Sl{SxSl + al)-^ = {SlSx + aiy^S^. Thus by lemma 
14.21 we have for all but countably many r > 0, that 



fisiB{0, r)) = mill < 1, r 



.log(f)l_)' ^^' '"V^^ 



a — b \ It r > "~^ 



i°g(f) 



Since the right hand side is a continuous function of r, the formula actu- 
ally holds for all r > 0. This together with the rotation invariance oi fis 



shows, that fis is equal to the uniform distribution on i? 0, 



a—b 
l°g(f) 



i.e. has constant density - — ^^ on this ball, and vanishes outside the 
ball. Putting a = 1 + e and 6 = e we get in particular 

Theorem 4.3. The Brown measure ofT + y/eY is equal to the uniform 
distribution on B\0, 



The Brown mesure of T + ^/eY can be used to give an upper bound 
of the microstate entropy of T + y/eV. By [Snl] we have for S' G M 

(4.16) xiS)< f f \og\zi - Z2\dfxsizi)dfxsiz2) + ^ + \oginy/2^) 

Jc Jc 4 

where fis is the Brown measure of S' on C and ods is the off-diagonality 
of S defined by 



(4.17) ods := riSS*) - / \z\'dfisiz). 

Jc 

Lemma 4.4. For R> we have 

/ := / / log\zi- Z2\dzidz2 = TT^{R'^logR-l) 

Proof. Polar substitution in / gives 

/ := 47r^ / / I — / log \r — e'^s|d6' ) rdrsds. 
Jo Jo V27r Jo J 

Let < s < r. z ^-^ log |r — zs| is the real value of the complex 
holomorphic function z t-^ Log(r — zs), where Log is the principal 
branch of the complex logarithm, so z \-^ log \r — zs\ is a harmonic 
function in -8(0, -). By the mean value property of harmonic functions 

— / log \r — e'^s|d6' = log(r), 
2vr Jo 
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SO symmetry in r and s reduces / to 

pR pR 

I := An'^ / / max{log(r), log(s)}rdrsds 



^0 



^vr^ / I / log(r)sds J rdr 



pR 

4n^ / r^ log(r)dr = 7i^R\\og{R) - I] 
Jo 



Theorem 4.5. 

(4.18) x{T + V^Y) < -^ log(log(l + e-')) - ^ + log vr 

+ ^ log ( 1 + 2e - 



D 



2 ^ V log(l + e-^ 

Proof. Let ur be the uniform distribution on B{0,R). Since ur has 
constant density (vri?^)^^ on i?(0,-R), we have by lemma H^ 

/ / log|2;i - Z2|dz/R(zi)dz/R(z2) = logR- -. 

Jc Jc 4 

The Brown measure oi S = T + ^/eY is fj,s = vr with R = log(l + 
e^^)^2^ and 

ods = — he— / z dz/R = — he . 

2 ic 2 2 

Hence by (PTTEll 

X(T+ v^r) < logi? - i + logTT + ^log(l + 2e - i?^). 
This proves (nTT8|l . D 

In |Aal| the first author proved that the microstate-free analog, 
Sq{T), of the free entropy dimension is equal to 2. From Theorem 
14.51 one gets only the trivial estimate of the free entropy dimension 
So{T), namely 

,4,9) ,„,r)<2-.,i,n2l(I±^.2. 

If T+Y^y was a DT-operator for all e > then by |Snl| equality would 
hold in ()4.18|) . and hence also in ()4.19|1 . In the rest of this section, we 
prove that unfortunately T + y/eY is not a DT-operator for any e > 0. 
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li R = D + T is a DT(/i, 1) operator it follows from [PHIL lemma 
7.2] that for |A| < ||i?|r\ 



^A"i?" 



n=0 



^(exp(f2x'^'\'^'M,{k,l)-l]Y 



where M^,{k,l) = /^^^^ z'^z^dfiRiz). 

If thus /i£) is the uniform distribution on a disk with radius d then 



M,^ikj) = 



when k ^ I and 



M^^{k,k) 



id? 



TTO" JB{0,d) 



zr^dz 



277 






„2fc+2 



2^ + 2 



72fc 



J 



k + 1 



for fc G N. Thus 



(4.20) 



^A"(D + T)" 



n=0 



|A|^ 



exp 



.fc=0 



2(fc+l) 



1) (^ 



2k 



k+l 



^exp(l(-log(l-rf^|An)) 



lAI 



1 - d'lW'r^ - 1 



If instead D + cT is a DT(/i£), c) operator with /i£) being the uniform 
distribution on a disc of radius d then 

D + cT = c{D' + T) 



where D' now has the uniform distribution on 5(0, -), so from ()4.2 
we obtain 



(4.21) 



n=0 



^A"(Z} + cT)" 

oo 



n=Q 



.21 \|2 



c2|A 



(l-ci2|A|2)-^-l 



22 



LARS AAGAARD AND UFFE HAAGERUP 



Lemma 4.6. Let a > b > and let S = \faT\ + V6T2 where T\ and 
T2 are two "D-free quasidiagonal DT-operators. Then 



^A"5" 



n=0 



1 e^a-b)\\\^ _ I 



|A|< 



\S 



|2' 



Proof. Let Fn{x) = Eb((5*)"5") for n e N and x G [0, 1]. For t < ^ 
define the D-valued function 



¥¥ 



(4.22) 



F{t,x)=J2^n{x)f^ 



n=0 



By Speicher's cumulant formula we have by D-Gaussianity of 5* that 

F„ = Eb((S*)"^") = ^ fi:^ ((5*)^'^" ®s 5®'^") 

7reNC(2n) 



,T> to* 



rin 



{S*^^E^{{ST~'S''~^)S) 



= {aL* + bL){Ej,{{ST''S''-')) = {aL* + 6L)(F„_i), 
so we get the following recursive algorithm for determining the -F„'s. 

Fo(x) = 1 

F„(x) = aL*(F„_i)(x) + 6L(F„_i)(x), x e [0, 1] ' 

where L*{f) : x 1— > J^ f{y)dy and -^(/) : a; t— > /^ f{y)dy. Observe that 

Al(/)(x) = -/(x) and AL*(/)(a;) = /(a;), 
and that 

F„(0) = aL*(F„_i)(0) + 6L(F„_i)(0) = b [ F^_,{x)dx = bT{F^_,) 

Jo 

for n > 1. Using ()4.22p we have the following differential equation and 
initial condition in x 

'£F{t,x) = {a-b)tF{t,x), a;G[0,l] 
F{t,0) = f{t), 
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where the function / is given by 

oo 

/(t) = F(t,0) = ^F„(0)r 

n=0 

oo 

= 1 + ^ (aL*(F„„i)(0) + 6L(F„_i)(0)) f' 
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n=l 






1 + bt 



f |f^F„_i(x)r-Mda: 



= 1 + btT{F{t, ■)) 

We thus have the unique solution 

(4.23) F(t,x) = /(t)e('^-'')*^ 

where we can now use (|4.23jl and the initial condition to find the func- 
tion /. 



f{t) = l + bt F{t,x)dx 
Jo 



1 + bt 



fit) ^ 
_{a-b)t 



-, 1 



^{a—b)tx 



l + bf{t) 



(^Qia-b)t _ 1) 



a — b 



Hence 

so that 

Now observe that 

2 



^A"S" 



ra=0 



fit)- 

F{t,x) = 
{F{\X\',x)) 



a — b 

a - 6e('^-^)* 

(a - 6)e("-*)*^ 
a - 6e('='-^)* 



Jo 



F(|A|^x)da; 



1 e("-'')l^l' - 1 
|APa-6e("-^)l^l' 



D 



Theorem 4.7. The operator T + y^eF is not a DT-operator. 
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Proof. By substituting a = 1 + e and 6 = e in lemma, IH)1 we have 



(4.24) 



^A"(T + v/irr 



n=0 



.|A| = 



lAPl + e-eel^l' 



for all A in a neighborhood of 0. If T + ^/eY is a DT-operator, then 
by Theorem 14.31 and (I4.21L there exists a c > 0, such that when d = 

log(l + i)-^ 

2 

1 



(4.25) 



^A"(T + v^r)" 



n=0 



C^ 



{l-d'\X 



2\-- 



1 



for all A in a neighborhood of 0. Consider the two analytic functions, 

e^- 1 



f{s) 
9is) 



1 + e 
1 

~2 



ee" 



c 



l-d^sy^ - 1 



which are both defined in the complex disc U = i?(0,log(l + ^)~^). 
By (I4.24J1 and ()4.25ll f{s) = g{s) for s in some real interval of the 
form (0,6) and hence /(s) = g{s) for all s & U. Moreover / has a 
meromorphic extension to the full complex plane with a simple pole at 
So = log(l + ^). Hence g also has a meromorphic extension to the full 
complex plane with a simple pole at log(l + 7) = d'"^. This implies 
c = d. In this case 



9[s) 



T^(^'-' 



h)-' 



1) 



which is analytic in C \ {sq}. However / has infinitely many poles, 
namely 

' +p2TT, pez. 



log 1 



Since the meromorphic extensions of / and g must coincide, we have 
reached a contradiction. Therefore T+ y/eY is not a DT-operator. D 



5. Sniady's moment formulas. The case k = 2. 

Let /c G N be fixed, and let {Pk,n)'^=o be the sequence of polynomials 
defined recursively by 



(5.1) 



Pk,n{^) 



Pk,n-l{x+l] 



(fc-1)/ 



PkM = pim = ---prn\^) = ^ 



n 
n 



1,2,..., 
1,2,... 
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where P^l denotes the /'th derivative of Pk,n- As in the previous sec- 
tions, Tdenotes the quasinilpotent DT operator. Sniady's main results 
from ISn2l are: 



Theorem 5.1. jSn2| Theorem 5 and Theorem 7] 

(a) For all k,n e N; 

(5.2) E^ {{{T*)'T'r) (x) = PUx), X G [0, 1]. 

(b) For all k,n e N: 



^nk 



(5.3) r{{{T*fT'T) ^^^^^^, 

Actually Sniady considers E^{{T^{T*fY) instead of ^^(((r^j^T^^"^ 



but it is easily seen, that Theorem 15.11 (a) is equivalent to |Sn2l Theo- 
rem 5], by the simple change of variable x i— ^ 1 — x. 

Sniady's proof of Theorem l5. H is a very technical combinatorial proof. 
In this and the following section we will give an analytical proof of 
Theorem 15. II based on Voiculescu's CR-transform with amalgamation. 

As in |nH2l (2.11)] we put 

p{z) = -W,{~z), ^GC\[i,oo), 

where Wq is the principal branch of Lambert's W-function. Then p is 
the principal branch of the inverse function of z i— ^ ze~^ . We shall need 
the following result from |DH21 Prop. 4.2]. 

Lemma 5.2. [DH2, Prop. 4.2] Let {Pk,n)'^=o be a sequence of polyno- 
mials given by ( 15. J)) . Put for s G C, |s| < -^ and j = 1, . . . ,k 

.2irj 



(5.4) aj{s) = p{se' k 

(5.5) 7,(^) = 



'•'Jai(s)—aj(s)^ I I e 



1 

fc' 



s = 0. 



Then 



k 



^\^kaj{s)x 



(5.6) ^(A:s)"'^P,,„(x) = ^7,( 

n=0 j=l 

for all X eR and all s G B{0, i). 

The case A; = 1 of theorem 15.11 is the special case A = of theorem 
13.21 To illustrate our method of proof of theorem 15. II for k >2,we first 
consider the case k = 2. 
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Define T G M^i^A) by 



T 



/O r*\ 

T 

T 

\0 T* / 



Then ||T|| = ||T|| = ^i. (cf. |t7fTT1 Corollary 8.11]) For /i G C, |/i| < i 

we let z = z{fi), denote the Cauchy transform of T at /i = filM^iA) wrt. 
amalgamation over M4(D) i.e. 



z = E^({fi-f) 



\-i 



Clearly 



(5.7) (/i - T)-i = J2 /f^"""'^" = 1] Ai-"-'r" 

n=0 \n=0 

By direct computation 

/O (T*)2 \ 

TT 

T2 

\ T*T y 

/ {T*fT 



4nT-i4n 



5^^— T 

vn=0 








rn^^rji 



\ 

T{T*f 
T'^T* 

y 



and 



rpi 



({T*fT'^ \ 

T{T*fT 

t2(T*)2 

n rpjfrp2rpjf 



\ 

Hence using the fact that the expectation Exi of a monomial in T and 
T* vanishes unless T and T* occur the same number of times, we get 
from (15. 7|] that z is of the form 



(5.8) 



All \ 

Z22 Z24 

^33 

y 2:42 zuj 
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where 2:11, 2:22, 2^24, -233, 2:42, 2:44 G 2) are given by 

zn = ^i-^E^{{l-^^-\T*fT^)-'), 

Z33 = fi-'E^{{l-f,-'T\T*y)-'), 

zu = fi-'E^iil-fi-^T*T''T*r'), 
Z24 = fi-^E^{T{l- fi~\T*fT^)~^T*), 
Z42 = fi^^E<D{T*{l-fi-^T\T*f)~^T). 

For the last 2 identities, we have used, that 

A{1 - r]BA)-^ = (1 - V^By^A 

for A, B E A and r/ G C whenever both sides of this equality are 
welldefined. 

By lemma EH we know, that there exists a 6 > such that when 

w G M4(D)inv and /i G C satisfies ||w|| < 6, \fi\ > | and 

(5.9) :k^''^^\w) + w-' = fiUuiA) 

then w = i?M4(D)((At — T)^^) = z. In particular 

Wu = Zn = fi-\{l-fi-\T*YT')-'), 

Hence, if we can find a suitable solution to ()5.8p for all /x G C in a 
neighborhood of cxd, we can find ii^xi(((T*)^T^)") for n = 1,2, ... by 
determining the power series expansion of Wn as a function of /i~^. 

Since {T,T*) is a D-Gaussian pair by |DH2( Appendix] it follows 
from lemma Ell that 



K^^^'^\{mi (g) ai) ®M4(D) ■ ■ ■ ®A/4(D) (rrin ® a„)) = 

when n ^ 2, mi, 1712, ■ ■ ■ , rUn G M4(C) and ai, 02, . . . , a„ G {T, T*}. By 
definition 

f = (621 + 632) ® T + (643 + eu) ® T* 

so by linearity of Kn , it follows that 
when n 7^ 2 i.e. T is M4(D)-Gaussian. 
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Hence using (I2.4J1 we get 



Ji^'^^\w) = /.f (^)(t ®M,(D) wf) = Em.cd) [TwT] 



E 



Mi(V) 



\ 



J 



'^1 

//T*W42T T*wmT* \\ 

TwiiT* 

TW22T TW24T* 

\ T*W33T / 

for w = (wij)ij=i,...,4 e M4(D). 

Since E-j^{TfT) = E-j^{T* fT*) = 0, and E^{T* fT) = L*{f), E^{TfT*) 
L{f) for / G L°°([0, 1]), we have: 

/L*(w42) \ 

T?Af4(B)/ „N _ L(wii^ 

^f y"^)- L(w;24) 

\ L*{w33) / 

for w G M4(!D). By ()5.8|1 we only have to consider w of the form 

fwu \ 

W22 W24 

W33 

\ W42 W44 / 

For w G M4(D)inv of the form ()5.10p . ()5.9|1 reduces to the three equa- 
tions 



(5.10) 



w 



(5.11) 



L{Wu)\ [W22 W24. 

L*{W33) ) \W42 W44, 



L{w2i) + -^ = /il 



W33 



■D 



Definition 5.3. Let / G C([0, 1]). We call (/(-"))^=i for the succesive 
antiderivatives of / if 



dx 



and 



;^'^'-"' 



/. 



Lemma 5.4. Let / G C^([0, 1]) and let f^ ^^ and f^ ^^ be the succesive 
antiderivatives of f for which 

Assume further, that 
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(tt) /(0) = /i-i and/W(0) = 0. 

(lii) For allx e [0,1], 
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fix) ^ 

/(-i)(x) fix) 
fix) /«(x) 



7^ 



while 



/(-i)(x) /(x) /«(a;) 



Thenwu,W22,W3s,Wu,ui24,Wi2 e C([0, 1]) ^riDen % 



(5.12) 



'w^ii = / 



W22 = W44 = - 



f^-'^ f 
f f^'^ 



M P 



W2A = 73 



/■(I) 
^42 = 72- 



f /(^) 



P 



W33 =/i 



/(I) /(2) 






«s a solution to i5.11\l. Moreover 



(5.13) 



W22 "2^24 
W42 Wu 



1 


f^-'^ f 
f /« 


^^^ 


p 
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and 



(5.14) 



L{W24) = /i 



L*{W42) =/i- 7 



L*{W33) = -/i^ 



f(-2) fi-1) 



f(l) 






Proof. Assume Wu, W22, ti'ss, ^^44, 1^24, W42 is given by (|5.12p . Then ()5.13p 
follows immediately. Note that for / G C([0, 1]), the functions g = L{f) 
and h = L*{f) are characterized by 



7(1) 



-/ and (7(1) = 



/i^^) = / and h{0) = 0. 
Hence (J5.14J1 is equivalent to (I5.15|l and ()5.16|) below. 



(5.15) 



d / 1 



dx I /^2 






W24 



_d_ 
dx 



_d_ 
da; 



-/^^ 



W42 



/(I) 






W33 



(5.16) 



/(-i)(l) = 0, 



f^~'\l) /(I) 
/(I) 



/i^ 



1/(0) 



}^=li, /«(0) = 
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Now, ()5.16|] is trivial from (i) and (ii). Next we prove (j5.15|) : Clearly 



dx 



/( 1) = / = wn and 



dx^ f^ P 



Wa2- 



Moreover 
f5 17) "^ ( 


/(-2) 
/(-I) 


/(-I) 
/ 


f 


dx\ 

y(-2) 
/(-I) 


/ 

/(I) 


/ 



/(-2) /(-I) 



/(-I) 






/^ 



and 



dx 



/(I) 









/(2) 



/^ 



/(I) /(2) 



/i^M;24 



/(I) 



/ 









2 = ^^33- 



Hence (J5.15J) holds. It remains to be proved that wn, W22, W33, W44, W24, ^^'42 
is a solution to (f^TTTll . By (lO^ and |^m|l . we have 

Wn \ fj f 
Moreover by (IO2II and (IbTI 
-1 



U^22 W24 
W42 W44 



1 



W44 -W^24 



ti'22'U^44 — U'24'U^42 \~^42 ^^22 



/(I) 









which proves that the first and the second inequality in (|5.1H1 . 
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By (lO^ and (lO^ . 



W33(/i - L{w2i)) 



/(I) /(2) 


fi-2) ;(-!) 






1 + 



a 






where 



a 












f 



fi-2) fi-1) f 
/(-I) / /(I) 



Hence by (iii), cr = 0. Therefore Ws^^x) ^ for all x G [0,1] and 



U7 
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I = fi — L(w24,), proving the last equality in (I5.1H1 . 



D 



Lemma 5.5. Let aj{s),'yj{s) for j = 1,2 he as in lemma lBT^ for k = 2, 



i.e. ai(0) = 0:2(0) = 0, 7i(0) = 72(0) = ^ and for < |s| < e~^- 



1 . 



7i(s) 



ai(s)=p(s), a2(s) = p(-s), 
ai(s) , , a2{s) 



72(5) 



ai[s) - a2[s) 
Let /i G C, |/i| > y/e, put s = |/U~^ and 



02(5) - ai(s)' 



(5.18) 

(5.19) 

(5.20) 
Then 



/W^i(to, 



s e' 



,2Qj(s)a; 



X G 



f^-'\x) 
f^~'\x) 



4^ ^^ «.(^)^ ; 



X G 



X G 



r^J /^ ^\ f^ ^■^ ^'^s succesively antiderivatives of f , 

(5.21) /-'Hi) = o, /(-^Hi) = /^' 

and 

(5.22) /(0)=/i-\ /«(0) = 0. 
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(a) The following asymptotic formulas holds for \fi\ — >■ oo; 

/(-2)(a;) = ^3 + 0(^-1) 
/(-1)(3;) = (^_ 1)^-1 + 0(^-5) 

fix) = /i-i + 0(/x-5) 

where the error estimates holds uniformly inx on a compact subset 
inR. 
(Hi) There exists fio > -y/e such that the restriction of f to [0, 1] satis- 
fies all the conditions in lemma \5^ when |/i| > /xq. 

Proof. Clearly f^~^^ and f^^'^^ are succesively antiderivatives of / and 



m = 7E^^(^) = 7 



^U ^ 




/«(0) = -)_^a,ish,is) = 0. 




J 

To prove (1L2H), note first, that since p : C \ -, oo) ^ C is 


a branch of 


the inverse function of 2; i-h^ ze~^, we have 




p(w)e-p'^'"^ =w, w <- 

e 




and therefore 

S'' 




Since s^ = jfi~'^, it follows that 




(5.23) /(-2)(x + l) = fx'^fix), xeR 




(5.24) f^-'\x + l) = i^^f^'\x), xeR 




(5.25) f{x + l) = fi^f'^^^x), xeR. 




In particular 




/(-^)(i) = //(0) = p^ 




/(-i)(i) = p¥'no) = o. 





By the proof of |DH2j Prop. 4.2], aj{s) and Pj{s) are continuous func- 
tions of s G -8(0, -). Hence, regarding / as a function of /i, 

2 
lim(/i/(x)) = 5^7.(0)e2"^(°)^ = l 
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where the limit holds uniformly in x on compact subsets of M. Hence 
by (|5.25jl /'•^^(x) = 0(/i~^) as |/i| -^ oo uniformly in x on compact 
subsets of M. By (lOll . 



(5.26) 
(5.27) 



/«(x) 



f^'\t)dt 







^1 



'0 



which implies, that f^^\x) = 0(/i ^) and 



(5.28) 



/(x)=/i-' + 0(/x-^) 



uniformly in a; on compact subsets of M. 

Using again (lOKll . (l5?26ll and (IOtIi . we get 



By (fOTTl 



/«(x) 
/(-i)(x) 






/(t)dt 



/i^ + 



f-'\t)At. 



Hence by ()5.2 



/(-i)(x) = (x-l)^-^ + 0(^-^) 



This 



where all estimates holds uniformly on compact subsets of 1 
proves (ii). 

By (i), f^~^\ Z*-"^^ coinside with the succesive antiderivatives of / con 
sidered in lemmaEIHand /(O) = /i~^, /'■^-'(O) = 0. 
Moreover, by (ii), 

-- ^-i + 0(/i-^) 



/(^) 



/ 



(-i)f 



/(x) /«(a;) 



/i"' + 0(/i 



-6^ 



where the error terms holds uniformly in a; G [0, 1]. Hence there exists 
Aio > v^, such that 



f{x) 7^ and 



/(-i)(x) /(a;) 
/(x) /«(x) 



7^0 
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for all X G [0, 1]. Moreover by the matrix factorization 
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(5.29) 




/(I) 



X] 




1 1 

2ai(s) 2a2(s) 






_J2(£)g2a2{s)x 
4a2(s)^ 



1 2q!i(s) 4oi(s)2 
1 2a2{s) 4a2(s)2 



it follows, that the matrix on the left hand side has rank less than or 
equal to 2, i.e. 

/(-2)(x) /(-i)(x) fix) 
/(-i)(x) fix) /W(a;) =0 
/(x) /«(x) /(2)(x) 

for X G [0, 1]. Hence / satisfies all the conditions in lemma EIH when 

\fi\ > fiQ. D 

Proof of Theorem \5.1\ in the case k = 2: By lemma 12.11 there exists a 
5 > 0, such that when w G M^i'D)^^^ and /i G C satisfies \\w\\ < 6, \fi\ > 
I and 

(5.30) :k^''^^\w) + w-' = fiUum 

then w = Exiiifi — T)^^). In particular 

(5.31) wn = fi-'E^iil - fi-\T*)'Ty). 

Let /i G C, |/i| > y/e, put s = |/x~^ and 



fix) 



I (x^M^'^'^'A 



for X G [0, 1] as in lemma l575l By lemma l575l f iii) there exists a /iq > y/e, 
such that when |/i| > /io, then / satisfies all the requirements af lemma 
15.41 Hence by lemma [Ol the matrix w G M^iTi) given by ()5.in|) and 
()5.12|) is a solution to ()5.3np . Moreover by the asymptotic formulas in 
lemma l575l (ii), 



f(-^Kx) /(-i)(x) 
/(-i)(a;) fix) 

&'\x) fix) 
fix) fix) 

fix) fix) 
fix) fix) 



ll' + OifL-'), 

-fi-^ + 0(/i-^ 

^-6 + 0(^-10^ 
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Hence by ()5.12|) and the asymptotic formulas for f^^^\f and /', we 
have 

W22 = wu = n~^ + 0(/i"^), 

Wi2 = X/i"^ + 0(/i"^), 

where all the error estimates holds uniformly in a; G [0, 1]. Hence, there 
exists yUi > max{yLio, |}, such that when |/i| > /Xi then \\w\\ < 6, and 
hence 

W = £'M4(D)((/i-T)"^). 

By ((nm, Wn = f. Hence by (lOTTl and (lOSll 

2 
E^((l-/i-^(T*)2T2)-^)(x) =/./(x) = ^7,(^)e2'^^W^ 

i=i 

where s = |/i~^, i.e. for |s| < ^fii"^, 

2 
Ed((1 - (2s)2(T*)2t2)-1)(x) = ^7i(s)e'"^(^)" 

i=i 

and therefore 

00 2 

(5.32) ^(2s)'"^d(((T*)2t2)")(x) = J]7,(s)e2°^(^)". 

j=0 i=l 

Hence by lemma ESI and by the uniqueness of the power series expan- 
sions of analytic functions, we have 

E^{{iT*yT'r){x) = P2,n{x) 

for n G N and x G [0, 1]. This proves theorem iB.lf a,) in the case k = 2. 
Theorem 5.1 (b) also follows from (I5.32J1 by integrating the right hand 
side of (I5.32|] from to 1 with respect to x (cf. |DH2| remark 4.3]). D 

6. Sniady's moment formulas. The general case. 

The above proof of Theorem 15.11 in the case k = 2 can fairly easily 
be generalized to all A; > 2 (Recall that the case A; = 1 is contained in 
theorem 13.211 ■ 
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Let k>2 and define T G M2k{A) by 

k 

T = ^(T (g) gj+ij + T* (g) ek+j+i,k+j) 
i=i 

where the indices are computed modulo 2k, such that e2k+i,2k = ei,2k- 
For /i G C, |/i| < -^, we put /i = /il2A: and 

Then only the diagonal entries 2:11, . . . ,Z2k,2k and the off'-diagonal en- 
tries Z2,2k, ^3,2fc-i, • • • , Z2k,2 cau bc uon-zcro. Moreover, 

The operator T is M2A:(1')-Gaussian, and repeating the arguments for 
/c = 2, we get that for w G M2A:(D), the matrix 

(6.1) u = :k!^'"'^^\w) 

can have at most 2k non-zero entries, namely the entries 

Mil = L*{w2k,2) 
U2k,2 = L*{w2k-1,3) 

(6.2) Uk+2,k = L*{Wk+l,k+l) 

Wfc+l,fc+l = L{Wk,k+2) 

Uk,k+2 = L{Wk-l,k+3) 

U2,2k = L{Wi^i). 

By lemma l2T] there exists a 6 > (depending on fc), such that if 
w G M2A;(I')mv) ll^ll < ^5/^ ^ C, |/i| > I and 

(6.3) :k^'''^''\w) + w-' = f^lM,^^v), 
then 

W = Z = EM2fe(D)((/i-T)-^). 

In particular 

2k /rrHf\krTik\—l\ 



w^, = fi-'E^iil~fi-'\T*)'T 



Next we construct an explicit solution to ()6.3|] . By the above remarks 
on z, it is sufficient to consider those w G M2fc(D)iiiv for which only the 
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entries Zn, ■ ■ ■ , Z2k,2k and 2:2,2^, ^3,2fc-i, ■ • • , 22fc,2 can be non-zero. For 
such w, (j6.3|] can by (j6.1|] and (J6.2J1 be reduced to the k + 1 identities: 
(6.4) 



L*{w2k- 



^-3,3+s. 



~r I, 'u'2k-3,2+i UJ2k-j,2k-j ) 



j = 0,l,...,A;-2, 



^L{Wk,k+2) + 



1 



Wfe+l.fe+l 



yulD- 



Definition 6.1. For j G N U {0} and g E C^^+^, we let Aj{g) denote 
the determinant 



(6.5) 



^M 



9 9 



nU) 



(1) 



,0) 



a(2j-l) 



g(2j-l) g(2j) 



In particular Aoi^g) = g. 

Lemma 6.2. Let g G C^^+^{R) and j G N. Then 

(6.6) A,(^(^))A,(^) - A,(^«)^ = A,_i(^(2))A,+i(^) 

and 

(6.7) 

^^■-^^^^'^^^ ^^^'^^^^ ~ ^^'^^^^ (^■-i(^^'^)) = A,_i(^«)A,(^«). 

The proof of lemma 16.21 relies on elementary matrix manipulations 
and is contained in lemma IXTI of appendix 1X1 More specifically ()6.6|) 
is a direct consequence of ^ from lemma \AA\ and (I6.7J1 follows from 
(jEI) of lemma lATII bv using the elementary fact that: 



dx 



(A,(^)) 



^(1) 



^(1) 



.U-i) 



,(j+i) 



nU) 



,(2j-l) 



g(2j-2) g(2j-l) 



g(W g(2j + l) 



that is, differentiating ()6.5j) is the same as differentiating the last row 

of jnn). 

The next two lemmas are the generalizations of lemma l5.4l and lemma 
15.51 to arbitrary k>2. 
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Lemma 6.3. Let f E ^^([0, 1]) and let {f^ ''^)'j=i ^^ ^^^ antiderivatives 
of f for which, 



f-'\l) 



0, 1 < J < A; - 1, 



(a) Assume further that 

f{0) = fi-^ and f^'^\0) = for 1 < j < k - 1. 
(in) For all x G [0, 1], 

^Af^''^)i^)7^0, forj = 0...,k-l 

and 

A,(/(-'=))(x) = 

Then the set of Ak — 2 functions listed in ^6.H\) . ^6. f^) and ^6.1(^) below 
is a solution to \6.4\) - 



(6.8) 



Wll = f 



W22 = W2k,2k = -- 



lAi(/(-i)) 



W2,2k 



W2k,2 



M P 



1 /(-i)Ai(/(-i)) 



/(^ 



For j = 1, . . . , /c — 2 



(6.9) 



W^i+2j+2 — 'W2k-j,2k-j 



1 A,-i(/(i-^-))A,+i(/(-i-^)) 



_ 1 A,(/(-i-^))A,+i(/(-i-^)) 
Wj+2,2k-j — ^2j+2 Aj(/(-J))2 



W2fc-jj+2 - /^ A,-{/(-i))2 



(6.10) Wfc+i,fe+i = /U 

Moreover for j = 0, . . . , fc — 2 
(6.11) 



2,- A,-_i(/(^-i))A,-(/(i-^')) 
A^CfFiTp 

2,^,A,_2(/(^-'=))A,_i(/(2-^)) 



Afc_i(/(1-^))^ 



"^^■+2^+2 Wj+2,2k-2 
W2k-j,j+2 W2k-j,2k~j 



/^ 



Wi+2J+2 
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(L{wi,) = -f 



(-1) 



(Vl ] - 1 A, + i(/(-2-:')) 

[UJj+2,2k-j) - -Ji^JT^ A,(/(-J)) 



Lw 



L(Wkh+2) 



0<j<k 



fX 



(6.13) 



L*{w2k,2) =/i- 
L*{w2k-j,2+j) = 

L*{wk+i,k+i) = ■ 



1 Afc_i(/(-fe)) 



2,- A,-i(/(-^-:')) 1< , < ^ _ 2 

/^ A,{/(-^)) ' '- ^ J ^ f^ ^ 



-/^ 



2fc-2 Afc_2(/(^-'=)) 
Afe_i(/(i-'=)) 



Proof. Letwu,W22, ■■■,Wkk, W2,2fc, w^3,2fc-i, • • • , W2k,2 be given by^HI), 
(lOll and (fOTl . Then for 1 < j < A; - 2 the left hand side of (jHTlTl is 
equal to 

1 A,,i(/(^-^-))A,+i(/(-^-^-))A 

/x2 A,(/(-^-))4 

where A = A,_i(/(^-^))A,+i(/(-i-^)) - A,(/(i-^))A,(/(-i-^)). 

By applyin g ^U^ to g = f-^~^^ it follows that A = -Aj (/(-^'))^ 
which proves (I6.11|) for 1 < j < /c — 2. The case j = of ()6.11ll follows 
immediately from (j6.8|] . 

The proofs of ()6.12|) a,nd l6.13B can be obtained exactly as in the case 
k = 2 provided the following two identities holds: For j = 0, . . . ,k — 2: 



(6.14) 
For j = 1, 
(6.15) 



A,+i(/(-^-^'))\ A,(/(-i-^-))A,+i(/(-i-^')) 



dx\ A,(/(-^)) ; A,(/(-^))2 

.,k-l: 
d /A,_i(/(2-^))\ _ A,_i(/(i-^))A,(/(i-^)) 



dx V Aj(/("-''^) 



A,(/(-^-)) 



-7ri2 



However (16.141) follows from ()6.7j) with (7 = /'■"^^■'■' after changing j in 
()6.7j) to j + 1. In the same way ()6.15p follows from ()6.7p with g = /'■^•'^ 
and j unchanged. It remaims to be proved, that Wu, . . . , Wkk, W2^2k, ■ ■ ■ , ^2^,2 
form a solution to ()6.4|1 . The proof of the first 2 identities in ()6.4p is 
exactly the same as in the case k = 2. Let us check the next k — 2 
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identities in (16 .41) i.e. 

f W2+j,2+j W2+j,2k-j\ _ -. 

\W2k-j,2+j U)2k-j,2k-j/ 

iov j = 1, . . . ,k — 2. By (I6.1H1 and the fact that W2+j,2+j = W2k~j,2k~j 
(cf. ^^) we have 

fw2+j,2+j W2+j,2k-j\ _ ffJ''^T> P 



where 



\W2k-j,2+j W2k-j,2k-j) \ 1 /il© 

W2+j,2k^j _ 1 A,(/(-l--'-)) 



P= -f^- 



and 



W2+,,2+, /i2:'-A,_i(/(i-^-)) 

2j+2_ 



W2k-j,2+j _ 2H2 Ai(/^^ ^'^ 



7 = -^ = /^ 



Hence by (I02l) and (IbTI 

/3 = -L(t(7j+i,2fc-j+i) and 7 = -L*(w2fe_i_jj+3) 

for j = 1, . . . ,k — 2. This proves ()6.16ll . Observe next that by ()6.1()|) 
and (fO^ 



Wfc+i,fc+i(Ai - L{wk,k+2)) 



^k-iif^'-'y. 



2 



1+ " 



where 

a = A,_i(/(2-'=))A,_i(/(-'=)) - Afc_i(/(i-'=))2. 

By ()6.6|) and the assumptions (iii) in lemma lOl 

cr = A,_2(/('-'))A;c(/^')) = 0. 

Hence Wk+i,k+iifJ' — L{wk,k+2)) = 1, which proves the last equality in 
()6.4|) . This completes the proof of lemma UTTH D 

Lemma 6.4. Let k E N,k >2 and let aj(s),7j(s) for j = 1, . . . ,k and 

< \s\ < ^ be as in lem.m.a \E~^ Let fi E C, \fi\ > y/e, put s = -^/i"^ 
and 
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Then 



(i) (/'■ ■^')'j=i are succesive antiderivatives of f . Moreover 



(6.18) 



/(-^■)(i) = o, 



l<j<k 



/^ 



2k-l 



and 



(6.19) 



/(O) = f^^' 

/(^■)(o) = o, l<j<k-l 



(a) The following asymptotic formulas holds for |yu| — > oo 

7(-fc)(x)=/i2fc-i + 0(^-1) 

f(-j\x) = jj(x - l)V^i + 0(/i-2'=^i), 1 < j < A; - 1 
fix) = ^-1 + 0(^-2^-1) 
/0)(a;) = j.xJjj-^'^-^ + C)(^-4fe-i)^ 1 < J < A; - 1 

/W(a;)=Ji-2fc-i + 0(^-4^-1) 



(6.20) 



where the error estimates holds uniformly in x on compact subsets 
ofR. 
(Hi) There exists a /iq > i/e, such that the restriction of f to [0, 1] 
satisfies all the conditions in lem.m.a UT^ when \fi\ > /io- 

Proof From the proof of |DH2| Prop. 4.2], we know that aj{s) and 
7j(s) are analytic functions of s G 5(0, -). Moreover by |DH11 Prop. 
4.1] 



(6.21) 



ELi7i.(s)a/.(s) 



j = l,...,fc-l 



■ M 



Moreover, since aj{s) = p(e' k ''j, where p satisfies 

I 
p{w)e~^^^' = w for \w\ < - 

we have (ai,(s)e~"''*^'*^) = s^ and therefore 



(6.22) 



_^fco^(s) 



{Ms)y 



ior u = 1, . . . ,k. Having ()6.2H] and ()6.22|] in mind, the proof of (i) and 
(ii) in lemma l6?4l is now a routine generalization of the proof of lemma 
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15 .51 Concerning (iii) in lemma. HTH we have 

r A,(/(-^)) = a(j>-^-i + 0(/i-^^-^-i), 0, . . . , A; - 1, 
(6.23) < where cr(j) = 1 for j = 0, 3 (mod 4) 

I and a{j) = — 1 for j = 1, 2 (mod 4) 

because the leading term in the determinant Aj{f^^^^) comes from the 
antidiagonal, i.e. 

... 



A,(/(-^')) 







0(/i 



-2k-j-U 



^U)P^' + o(/^^ 



"2fc-i-lN 



since the matrix in question has size j + 1. Hence Aj(/(~-'^)(x) ^ 
for X G [0, 1] and < j < /c — 1, when |/i| is sufficiently large. 
Moreover Afc(/*^^'^^) = for x G [0, 1], because in analogy with ()5.29|1 . 
Ak{f^~''\x)) is the determinant of the (k + I) x (k + 1) matrix 

which has the factorization F = ADA^, where A is the {k + 1) x k 
matrix with entries 



an = {kai{s)y, i = 0, 



k, 1 = 1, 



k 



and D is the k x k diagonal matrix, with diagonal entries 



du 



liis) 



{kai{s))'' 



_,A;0((s) 



1=1, 



k. 



n 



Proof of Theorem \5.1\ in the general case. Let /xq be as in lemma l6^ 
let /i G C, |/i| > /io and put s = ^/i"^. Put as before 

1 / ^ 
fix) = - f V 7,ls)e-^ 



; t« 



,u=l 



for X G [0,1], a nd de fine wu,W22, ■ ■ ■ ,Wk,k,W2,2k,W3^2k-i, ■ ■ ■ ,W2k,2 by 
dEIHI), (jESI) and (ion , and put all other entries of w G M2fc(D) equal 
to 0. Then by lemma lOl ()6.4|1 holds, and therefore 

Let 5 > be chosen according to lemma 12.11 If we can find a /xi > 
max{/io, |}, such that 

(6.24) |/x| > /xi ^ \\w\\ < 6 



44 LARS AAGAARD AND UFFE HAAGERUP+ 

then w = EM2k{v){{fJ' — T)~^). In particular 

(6.25) f = w^^ = fi-'E^{{l - ^^-'\T*fT^)-'), 

and the proof of theorem 15.11 for fc > 2 can be completed exactly as in 



(6.27) 



the case k = 2. By WTm 

,.,., J A,(/(-^)) = 0(^-^-1), 0<j<fc-l 

^^ ^ lA7(7FIT)=0(/i^'^^)^ ^<3<k-l 

uniformly in x G [0, 1] for |yu| -^ oo. We claim that 

'A,(/(-^-i)) = 0(/i-^-i), 0<j<fc-2 
A,_i(/(^'=)) = ©(/i'^) 
A,(/(i-^)) = 0(/i-J-2'=-i), < J < fc - 2 ■ 

t A,_i(/(2-'=)) = 0(;.^3/c) 

Recall by definition 16.11 that 

A,((7)=det((^('=+'))fc,,=o,...,,). 

Hence for < j < A; — 2, Aj(/*^"-'"^'*) is the determinant of a (j + 
1) X (j + 1) matrix, where each entry is equal to one of the func- 
tions f^'^'^\f^-^\ ..., f^^~^\ By (16:271 all these functions are of or- 
der 0(/i~^) as |/i| -^ cxD. Hence Aj(/(~-'~^)) = 0(/i~-'~^) proving the 
first estimate in (I6.27|) . By the same argument, Ak-i{f^^''^) is the de- 
terminant of a /c X /c matrix for which the upper left entry is of the 
order 0(/i^'^~^) and all the other entries are of order 0(/i~^). Hence 
Afc_i(/(-'^)) = 0{fj,'^''-\n-^)''-^) = 0(/i^). Let < J < A; - 1. Then 
Aj(f^^~^^) is by ()6.2np a determinant of a (j + 1) x (j + 1) matrix 
M = {mk^i)k,i=o,...,j for which 

when A; + / < 
when A; + / > 

Hence for any permutation vr of {0, 1, . . . , k} the product 

contains at least one factor of order 0(/i^^'^^^). Therefore 

A,(/(i-^)) = det(M) = Yl (-l)"'°^"^^o.(o)r«i.(i) ■ ■■rrik.^k) 




-n-es. 



i+i 



is of order 0(/i ^'^ ^(/i ^)-') = 0(/i ^'^ ^ ^). This proves the last two 
estimates in ()6.27jl . Clearly all estimates holds uniformly in x G [0, 1]. 
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Combining (jEiHl), (lESl), dOTl and (IFTTtII . we get 

w;,, = 0(/x-i), l<l<2k 

W2k-j,j+2 = 0(/i2J+^-2'=), < J < A; - 2 

In particular all the entries of w are of size 0(/i^^) as |/i| — ;> oo uniformly 
in X G [0, 1]. Hence there exists /ii > max{/io, |} such that (|6.24j) holds. 
Hence by ()6.25p we have for |s| < kfJ'i'^, 



^{ksY''ET,{{{T*fT''Y){x) = ^7,•(s)e*°^(^)^ xe [0,1]. 



fe=0 



u=l 



Now Theorem 15. II follows from lemma l5?2l and |DH2| remark 4.3] as in 
the case k = 2. D 



Appendix A. Determinant-identities on Hankel-matrices 
We need the following lemma on Hankel-determinants. 



Lemma A.l. Let a_ 

Then 

(a) 



(n-l),«-(n-2), 



. . . , a„_i, a„ G C for some n & N. 



a-(n-4) 



ao 



^n — A (^n — 3 



0--(n-l) 0,-(n-2) 
"■-(n-2) 



a-i 



'^-(n-l) <J- 

«-(n-2) «- 

«-(n-3) 1- 
«-(n-4) 



n-2) 
n-3) 
n-4) 



n~3) <^-(n-4) 
n-4) 



an-4 



a„_4 a,i_3 

a„_4 a„_3 a„_2 

an-4 1n-3 <ln~2 «n-l 



a„_4 

a„_4 a„_3 



(J-Cn-S) a-(n-4) 
«-(n-4) 



0.1 



an-2 
an-2 an-1 



0-(n-2) ''-(n-3) 
0-(n-3) 

ao 



an-3 
an-3 an-2 
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(b) 
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a-(n-2) «-(n-3) 
<^-(n-3) 



0—(n-2) a-(n-3) 

"^-(71-3) 



'^n — 1 ^n 

O--(n-l) 0.-(n-2) ■ ' 
''-(n-2) 



0.0 



a_i 



aii-3 
a„_3 a„_2 

02 ■■■ Qn 



-(n-1) 0_(„_2) • 
-(n-2) 



an-3 

a„_3 a,i_2 

0-(n-3) 0_(„_4) 
0-(n-4) 



ai 



ffln-2 
an-2 Cln-l 



ao 



ao 



an-2 
an-2 0„_i 



'*-(n-3) a_(„_4) • 
0-(n-4) 



ai 



0-2 



an-3 a„_2 



as 



Proof. To prove (|3j) we actually prove the more general equation 



(A.l) 



a22 
a32 



a23 
a33 



a2,n-l 
a3,n-l 



o-n-1,2 a„_i^3 ■•■ a„_i^„_i 



ail ai2 
a2l a22 



ail ai2 ai3 ■■■ ai,„ 
a21 a22 a23 ■■■ 02, n 
a3i a32 033 ■■■ 03,, I 



an.l a^^2 0.n,Z '" f^n.n 

a22 023 ■■■ a2,; 
032 a.33 ■■■ 13,: 



ai,n-l 
a2,n-l 



0-11-1,1 0,n~l,2 ■■■ 0.n-l,n-l 0-^,2 a„_3 ■■■ a 

0.12 ai3 ■■■ ai_„ 
a22 a23 ■■■ a2,n 



an-1,2 a„_i_3 ■■■ a„-i^„ o„,i a„^2 ■■■ o,n,n-l 



021 022 ■■■ a,2,n~l 
o-ii o-j,2 ■■■ a3_„_i 



for ttij G C and i,i G {1, . . . ,n}. 

We first add some zero terms to the left-hand side (LHS) of (lA.l 



LHS 



n-l 



a22 



0,2,n~l 



an-1,2 ■■■ an-l,n-l 



ail ■■■ ai . 



an 1 """ On 



+E 

fc=2 



a21 ■■■ 02,k-l 0,2,k+l ■■■ 02,n-l 

a3i ■■■ a3_fc_i a3,s,+i ■■■ a3,„-i 



an-1,1 ■■■ a„_i_fe_i a„_i_fc_|_i ■■■ a„_i,„_i 



ai2 ••■ ai,k o-i,k o-i,k+i ■■■ 0-2,71-1 
a22 ■■■ a2,fc a2,fc a2,fc+i ■■■ a3,n-i 



an, 2 ■■■ On,k a„,fe an,k+i ■■■ a„_i^„_i 



We note that the last matrix in the sum is zero because coloumn k — 1 
and k are equal. Now we expand LHS after the /c'th coloumn of the 
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second matrix in the /c'th addent. We get 
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LHS = 5^(-l)^+^a,,i 



O.n-1,2 ■■■ O.n-l.n-1 



0.12 



ai ■ 



O'j-1,2 ■■■ Clj-i^„ 
O.j + 1,2 ■■■ aj+l,n 



f*n,2 ■■■ 0,„ 



n—1 n 
fc=2 j=l 



'j,k 



021 ••• 0,2,k-l a2,fc+l ■■■ (12,n-l 



1n-l,l ••• In-l.fe-l In-l.fe+l ••• Qn-l.Ti-l 



ai,; 



Oj-1,2 ■■■ 0,j-i^„ 
Oj + 1,2 ■■■ 0,j + l,n 



^71,2 '" Ojiji 



where j = 1 and j = n means leave out row 1 and n respectively. 
Switching the indices we have 



(A.2) LHS = 5]] 



0.12 



Ol.n 



Oj-1,2 ■■■ <Ij-l,n 
Oj + 1,2 ■■■ <Ij + l,n 



On,2 '" On^n 



\^+i, 



^i,i 



122 



a.2,n-l 



On-1,2 ■■■ «n-l,n-l 



n-1 



Y.^-^)'^'ci^,k 



k=2 



021 ■■■ a2,fc-l 02^k+l ■■■ 02^„-l 



ffln-1,1 ■■■ Qn-ljfc-l On-l^k + l '■■ Qn-l.n-l 



But the parenthesis on the right-hand side is exactly expansion along 
the j'th row of the following determinants 



(A.3) 



ail 



1l,n-l 



an-1,1 ■■■ dn-l.n-l 
^21 ■■■ a2,n-l 



Oj^l '" O.jn—1 
Oj^l '" O.jn — 1 



On^l ■■■ On^n—l 

0.21 ■■■ (12, n-1 



0.rt,l '" 0,n n—1 



0, 2<j<n-l 



J = n. 



Combining ()A.2p and ()A.3p we obtain the right-hand side of ()A.1|1 and 
thus also the proof of ^. 
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To prove (jEj) we prove the more general equation 



(A.4) 



0.21 


122 


122 


"31 


^32 ■ 


■ ^3 


an 


a42 


■ 04 



ai2 
"22 



ai3 
123 



I2l,n 
122, n 



an + 1,1 an + 1,2 ■■■ Cn + l,' 

ail 0-12 
0121 a22 



an-1.2 an-1,3 ■■■ In-l.ri 



I2l,i 
122.1 



Ctn-l.l a,n-l,2 ■■■ In-l.n 

O.n+1,1 «n + l,2 ■■■ (In + l.n 

an ai2 
121 1222 



a22 a23 
a32 aa3 



a2,n 
13,11 



an,2 0,n/3 ■■■ 0>n,n 



ai,; 

(22.; 



an-1,1 an-1,2 ■■■ a,n-l,n 
an,l an, 2 ■■■ an,n 



a22 a23 
1232 (233 



a2,i 

123,1 



an-1,2 an-1,3 •■■ an-l,n 

an+1,2 an+1,3 •■■ a„+i,„ 



for aij G C, i G {1, . . . n + 1} and j G {!,...,«}. We remark that 
Hankel-matrices are symmetric and for these ()A.4|1 reduces to (jE])- Ob- 
serve that for fc G {2, . . . , n} we have 



o = (-v. 



<2l,fe 1211 <212 ■■■ 11, n 

<22,fc 1212 a22 ■■■ a2,n 



<2n,fc a„,2 I2n,3 '■■ 0.n,n 

'2n+l,fc I2n + 1,2 <2n+l,3 '■■ I2n + l,n 



n+1 






1211 1212 ■■■ ai^ 



<2j-l,l I2j-1,2 ■■■ <2j-l,n 
<2j+l,l 'lj + 1,2 ■■■ I2j + l,n 



an + 1,1 an + 1,2 ••• an + l,n 



where the j = 1 and j = n + 1 are interpreted as remove the P* and 
(n + l)**^ coloumn respectively. Thus also 



« = E 



k=2 



1222 ■■■ a2,fc_l a2,fc+l •■■ a2,n 

<232 ■■■ a3,fc~l ("S.fc+l ■■■ <23,n 



an-1,2 ■•■ a„_i^k-l «n-l,fc + l ■■■ 1n-l,n 

/ 

71+1 



V 



an ai2 



11,1 



^■-1,1 '2j-l,2 ■■■ '2j-l,n 
Qlj + 1,1 '2j + l,2 ■■■ Qj + l.n 



an+1,1 an+1,2 ••• an+1,' 
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Switching the indices we have 
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n+1 



(A.5) 0-^ 



0-11 0.12 



0.1 ' 



%-l,l Oj_l,2 ■■■ 1j-l,n 
Oj + 1,1 Cj + 1,2 ■■■ 1j + l,n 



On + l.l 1n + l,2 ■■■ Qn + l 



'j,fc 



fc=2 



022 
1132 



a2,fe-i a2,fc+i 



02,1 
03,1 



On — 1,2 ■■■ 0„_i_fc_i 0„_i,fc+i ■■■ 0„_i,. 



The parenthesis of (IA.5J1 is expansion along the j*^ row of the following 
expression except for j = n + 1 where we expand along the -n}^ row. 



(A.6) 



Ol2 013 

022 023 



Ol,, 
02,i 



On-1,2 0„_i,3 ■■■ a„_i,„ 



022 023 ■■■ 02,i 
032 033 ■■■ 03^, 



On, 2 On, 3 "■" On,n 
022 023 



02,1 



an-1,2 0„_i^3 ■■■ 0„_i, 
On+1,2 0„_|_i_3 ■■■ a„+l.' 



jE{2,...,n-l} 
j = n 

j = n + 1. 



Combining (jA.Bjl and ()A.6j) we obtain ()A.4jl and this finishes the proof 
of JB. □ 
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